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Abstract 

All anomaly candidates and the form of the most general invariant local action are given for old 
and new minimal supergravity, including the cases where additional Yang-Mills and chiral matter 
multiplets are present. Furthermore nonminimal supergravity is discussed. In this case local su- 
persymmetry itself may be anomalous and some of the corresponding anomaly candidates are given 
explicitly. The results are obtained by solving the descent equations which contain the consistency 
equation satisfied by integrands of anomalies and invariant actions. 
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1 Introduction 



For a large class of gauge theories one can construct a nilpotent BRS operator s and use it to characterize 
invariant actions and anomaly candidates as nontrivially BRS-invariant local functionals of the fields 
[ffl], 0], i.e. as solutions of the so-called consistency equation 



(1.1) 



where W^, r^~^ are local functionals of the fields whose superscript denotes their ghost number. 
Invariant actions are solutions W*^ with ghost number 0, anomaly candidates are solutions with 
ghost number 1 (in the case g = 1 (1.1) contains the consistency conditions which anomalies have to 
satisfy and which have been first derived for Yang-Mills theories Q). 

The present paper contains results of an investigation of ( |1.1[) for old minimal supergravity 
new minimal supergravity and nonminimal supergravity where in all cases not only pure 

supergravity is considered but its coupling to Yang-Mills multiplets and chiral matter multiplets is 
included. I remark that the results for old and new minimal supergravity are complete i.e. in these 
cases there are no solutions and of ( |1.1| ) apart from those given here (modulo trivial solutions 
sT~^ resp. sr*^)]^. However it is not the subject of this paper to prove this statement since the proof 
can be performed in more generality Q. Instead the present paper spells out the general results of 

explicitly for the supergravity theories mentioned above. This includes the solution of the so-called 



descent equations which follow from (IT) and read 



<p<4 



s LJ: 



3+4- 



0, 



S LJ, 



9+4 







(1.2) 



where d = dx"^dm is the exterior derivative, Wp"*"^ ^ denotes a local p-form with ghost number g + 4: 
and u!^ is the integrand of the solution of ( |1 . 1| ) : 



In a more compact form 



reads 



s w 



3+4 



s + d 



(1.3) 



(1.4) 



where (Z"^"*"^ denotes the formal sum of the forms lo-^'^'^ ^ 



9+4 



(1.5) 



p=0 



The discussion of ( [1.2|) r esp. ( |1.4| ) will give insight into the method used to solved ( |1.1D . Namely in 
fact the solutions of ( |1.4| ) have been calculated first and then the solutions of ( |1 . 1[) have been obtained 
from them via (|1.3|). This method takes advantage of the fact that, as one can prove for a large class 
of gauge theories |1^, each solution of (L4) can be written — up to trivial contributions of the form 
sCj3^^ — entirely in terms of tensor fields and certain variables which generalize the ordinary connection 
forms. This holds in particular for the supergravity theories discussed here where the variables which 
generalize the connection forms are given in ( 2.2C| ) and ( |3.32| ) and the set of tensor fields is given in 



where } in the case of minimal supergravity is given by (3.1) and in the case of nonminimal 



supergravity by the fields listed in ( 3.40 ) and the respective complex conjugated fields: 



9+4 



^9+4 



(|^,c'^g,c^'- 



(1.6) 



The paper is organized as follows: In section ^ the BRS operator for supergravity is given (the BRS 
transformations given in this paper agree with those derived in |Tl[| ) , section |^ recalls the basic features 

'^The results given for nonminimal supergravity are incomplete. 
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and the field content of old, new and nonminimal supergravity and contains the solutions of ( [l.lD and 
(|1.4| ) for g = 0,1, and in section ^ it is verified that su)^"*"^ = holds for the expressions given in section 
^ for u)^"*"^. Finally a short conclusion is given, followed by three appendices. 

The conventions concerning grading, complex conjugation, cj-matrices etc. agree with those used 



in |12| and as there I use exclusively the component formalismus, i.e. none of the fields appearing in 



this paper denotes a superfield. 

2 BRS operator 

The BRS operator for supergravity is conveniently constructed by means of the algebra 

[Da,Vb} = -Tab^Vc-Fab'Si, [5i,Va] = -qia'^Vb, [5i,h] = fu'^^K (2.1) 

which is realized on tensor fields. {I^a} consists of the covariant derivatives Va and supersymmetry 
transformations Va, Va = iT>a)* ■ {^i} denotes a real basis of the Liealgebra Q of the structure group 
which in general is the direct sum of the Lorentz algebra Gl, ^ further semisimple Liealgebra Qs and 
abelian part Qa- The Lorentz generators are denoted by lab = —ha-, the elements of Qs + Ga by 5i. 

{Va} = {Da, Va,'Da}, {Si} = {Si, lab-a> b}, 6i £0^ + Ga, lab ^ Ql- 

In ( ^.l| ) the structure constants of Q are denoted by fij^ and the giA^ are the entries of the matrices 
gi which represent Q on the Va- The only nonvanishing giA^ occur for 5i G {^ab; (^(to)) (^(r)} where 
(5(u;) and S[^-) denote the generators of Weyl transformations and of U{1) transformations called R- 
tr ansformations : 

[^af)>^c] = Vhc^a — "HacVb, [^afei^a] = —'^aba^'^p, [^abi'^a] = ^ab^aV^, 

= 0, [Sir)M = -iV^, [S(r),'^_a] = (2-2) 

[S{w),'Da] = -Va, [(5(^),2?a] = -iPa, , Pq] = - ^ . 

The gauge fields corresponding to Va, Va, Va, lab and Si are the components Cm", '>Pm°', i'm"', ^m°'^ , 
Arn^ of the vierbein, the gravitino and its complex conjugate, the spin connection and the gauge fields 



of Qs + Qa respectively. They are used to define the covariant derivatives of a tensor field $ as in |13| 
by 

Va^ = Ea"'{dm-i^m-Va-AjSl)^ ^ 8^^ = {Am^V A + AJ S l) ^ (2.3) 

where dm denote the partial derivatives, Ea^ are the entries of the inverse vielbein 

P m b _ trb a rp n rn 

^a — 'J a, ^'m ^a — ^m, 

and the following notation and summation conventions are used in order to simplify the notation: 

Arr/'XA = em"'Xa + i'm-Xa, '>prn-Xa = i^m^ Xa - 'Ipm^ Xa- (2.5) 

Requiring [dm, dn]^ = one obtains from (|2.3[) by means of (|2.lD 

Fab' = 2Ea'^Eb^{dymAn{ + ^JK^Am^Aj" + e^m'^^fFj + \i^m^n^Fa/), (2.6) 
Tab^ = 2Ea"'Eb"id[mA^]^ + e^m'i^^fTac^ + + ^^m^V^n^T^^) (2.7) 

i.e. the curvatures Fab' and the torsions Tab"^ are given in terms of the gauge fields, their partial 
derivatives and the remaining torsions and curvatures. The equation which determines Tab'^ can also 
be solved for uJm""^ and yields in particular: 

Tab"^ = 44> Wm"^ = E"'"'E'^^{uJ[mn]r ~ ^[nr]m + ^[rm]n), 

= eraid^m^n] + e[™'^yl„] + Vn]-r«fe" + l^m'^n^Tajf) (2.8) 



U)\., 
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where A^^'^^ denote the gauge fields of Weyl transformations. The BRS operator is constructed by 
means of ghost fields associated with diffeomorphisms, supersymmetry and structure group transfor- 
mations and denoted by C", and respectively (C™', are anticommuting and ^"^j are 
commuting ghosts). The BRS transformations read 



s ^ 

•5 dm 

sC"" 



C^dnCm"' + (9mC'")e„" -|- gjb°'em^ — S.-Am^TBa"', 
C^dnAm' + {dmC^)An + DmC' — ^-Am^ FbJ , 



where 0^^°^ and DmC^ are defined by 

-DmC" = C?mC" - ArJ gii3^i^ , DmC^ = DmC^ + Am^ fjK^C^ 

and the following summation convention is used (notice the different signs in (l^l) and (|1|)) 

-( 2.15| ) can be written in the following compact form 

A 



(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
(2.15) 



^), (|2^), (|2J) and 



1 £ I r^J /^K 



(2.16) 



(2.17) 
(2.18) 
(2.19) 



where \A\ denotes the grading of (|a| = 0, \a\ = \a\ = 1), and are the generalized connection 

'forms' mentioned in the introduction and defined by 



r 



where C*" denotes the sum of the differential dx" and the ghost C" of diffeomorphisms: 
Using ( p.l7| )-( ^.19 ) one may verify that 



s2 = ^ S^ = [s, d^] = [d^, dn] = 



holds by virtue of the algebra (|2.l| ) and its Bianchi identities which have been discussed in ||l 
[15 1 and read 



E 

ABC 

E 

ABC 



1^1 I^^^^aTbc^ + Tab'^Tec'' + FAB'gic'') = 0, 
^^^^''^iVAFBc' + Tab''Fdc') = 



(2.20) 
(2.21) 
(2.22) 

1, i, 

(2.23) 
(2.24) 



where ^ denotes the cyclic sum. 

In order to construct a gauge fixed action one introduces in addition an antighost field C ^ind a 
'Lagrange multiplier field' b for each gauge field and defines = b, sb = which implies that these 
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fields contribute only trivially to solutions of ( |1.1| ) . This completes the construction of the BRS algebra 
for supergravity theories whose field content consists of tensor fields, gauge fields Am^, Am^ and the 
corresponding ghosts, antighosts and ^-fields. For supergravity theories containing additional fields one 
has to specify their BRS transformations as well. This will be done in subsection for new minimal 
supergravity which contains antisymmetric gauge potentials, corresponding ghosts and a ghost for these 
ghosts. 

I stress that the BRS operator is defined and nilpotent on all fields unlike the algebra (^]^) which 
is assumed to be realized only on tensor fields but not on the gauge fields or the ghosts. 



3 Results 

3.1 Old minimal supergravity 

Apart from the gauge, ghost, antighost and b fields, the field content of old minimal supergravity with 
Yang-Mills and chiral matter multiplets consists of elementary tensor fields 

{¥} = {M,M,B-,Xa,X:„D\^\^\xi,xi,F\F'} (3.1) 

where M,(j)^,F^ are complex Lorentz scalar fields {M,(j)^,F'^ denote the complex conjugated fields), B 
is a real Lorentz vector field, are real Lorentz scalar fields and A* and are complex spinors. A* 
and are the gauginos and auxiliary fields of the super Yang-Mills multiplets of Qg + Gay (k^ yX' 
denote the elementary component fields of the sth chiral matter multiplet, M and B are the auxiliary 
fields of the supergravity multiplet. In the following all formulas are given for the case in which Qa 
contains 5[w) ^'^^ ^{r)- The results for the cases in which Weyl or R-transformations are not contained 
in the gauge group are simply obtained by setting to zero the corresponding fields everywhere. 



Except for Fab and Tab" which are obtained from (2^) and ( |2.7] ) and up to complex conjugation 
the torsions and curvatures are given by 

rp C rp a rp 7 rp b rp i n. p 1 ■ \i a 

''-ab — -'a/S — -'-afS -'-aa — -'^afS — -'^aa — 'Jaace; 

Tact — '^iCT aay T^a — g-^C^aa ) T^a^ ~ ^ i^a-^a ~l~ B (Taba^)i 

Fab"^ = i {T^'^'^abaa - 2a^'aaT''\'' - 25fc[V'^l„^A("')-). (3.2) 

uim""^ is obtained from ( p.8[ ). The BRS transformations of the ghosts and gauge fields are obtained 
from (|2lc|)-(|2l^), those of the fields (|3l|) from (p|) using table 1 where S, U, G\ S, U, G' denote 
SL{2, C) irreducible tensors constructed of the Fab^ and Tab—' 

Gap = -FabCr°'^al3, Sa = Tab^ (7°''^ fSai U^^'^ = Tab"' ^"''^ ^p, Wa/S-y = Tabl^a^""^ (3^) 
^ = ^"/3^a/37 + ^/3a(^a/37 + l^-i{o,Sp)), F^^^^' = EapG^p' + e^^G„/3*. (3.3) 

Table 1: 





Va^ 


Va^ 


M 


— \Ja '^o 2 " / 







lepa{S^ + ^fX^;^)-U^p^ 






iSapF)^ + Gap 







\2a 1 3i D \ict 


T") \ia 3i D \ioi 









X0 


epaF 


-2iVj3a(t) 


F 


-Wxa 


-2WaaX'^ - 4A^(5,0 + BaaX" 



4 



Let me now describe the results of the investigation of ( |1.1D . Up to contributions of the form sT ^ 
each real local solution of (|1.1| ) can be written in the formQ 

W^id = f d^xeVn + c.c, e = det{e„,'') (3.4) 



where V is the operator 

P = p2 _ 4^^^^ap _ 3M + leV'a^T'^Vb, V^=V^V'', Va" = ^a'"V'm" (3.5) 

and Vt is an antichiral function of the tensor fields given by 

VL = H{M,WX4>) + {T^^ - M)G{^), V'^ = V''Va (3.6) 
where H depends only on the (undifferentiated) fields M, W^^^, A^, while G depends on all variables 

{^'■} = {Da, . . . Va^¥, Va,... Va^Pj, Va, . . . Va^T^b^ : n > 0} (3.7) 

with {¥} as in (|3.l| ). H and G are additionally restricted by 

5(^^^H = -3H, = -2G, 6^r)H = -2iH, 5^,)G = (3.8) 

where the conditions imposed by or (5(r) of course are absent if Q does not contain the respective gen- 
erator. I remark that W^^^^ contains only one Fayet-Iliopoulos contribution [l^, namely / d^xea 
where a is a real constant. This Fayet-Iliopoulos contribution arises from the contribution ||M to Q, 
which gives the supersymmetric version of the Einstein-Hilbert action due to 

V^M = f{^R + 2D'^''^ + -SB^Ba + SiD^""^ -SiVaB"), R = Fab"'. (3.9) 

Of course (|3.9|) is not Weyl-invariant and thus contributes to W^^^ only in the case (^(^) ^ Q. Using 
table 1 one can check that further Fayet-Iliopoulos contributions indeed do not arise from (|3.4]). 



Each real solution of (LI) is in the case of old minimal supergravity of the form 

y^^=^lbel+y\^Lnabel + C.C. (3.10) 



where V\^abei ^'^'^ ^nonabei complex solutions of (LI) collecting the candidates for 'abelian' and 
'nonabelian' anomalies respectively. yV^hei given by 



^Li = J d''xeJ2'{c^V + ^-H}n, (3.11) 



where Yl'j runs only over the abelian factors of the gauge group, V is the operator ( p.5D , each ilj is of 
the form ( ^I^ ) with Hj and Gj restricted by (|3.8|) and V^, is the operator 



Vi = AiAa'a\o.V'^-32Aa'a''''Ji;bp + 8Xi, Aj = Ea"'AJ. (3.12) 



In particular (3.11) contains the supersymmetric abelian chiral anomalies which arise from contributions 
gkl^^^^ and oW^^^W'^^^ to Vlj where gui are purely imaginary constant tensors of Qa + Qs and a 
are complex constants. Notice that if Q contains neither (5(^) nor J^^) then Vlj contains a constant 
contribution ^ which gives rise to the following simple solutions of (1.1): 

j d^x e (^A-^' - 4Aa^Ca''''iPb + 2C^ Va^^'^Vfe) + c.c. (3.13) 



■^Due to the reality of s each complex solution of (1.1) is of the form — Wf + iWf where Wf and W| are real 
solutions of (D-.l). 
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yVnonabel ^ linear combination of the independent super symmetric nonabelian chiral anomalies ^nonabei 
which are labeled by r (there are as many of them as Qs has independent Casimir operators of third 
order) : 



^nonabel — ^nonabeh ttr — COUSt., 



(3.14) 



a: 



nonabel 



J Tr {cd{AdA + ^A^) + {LA + AL)dA + fLA^ 
-3 d^x e i^A^AA + ^A AU^)} 

where C, A, Aa, , L denote the matrices 

C = C'Ti, A = dx^AjTi, A„ = iXiT,, A), = fX^Tj, L = dx^^em^i^aaA^ - AdaC) 
defined by means of a suitably chosen matrix representation {Tj} of Qs satisfying 

— fij 

(in general one of course has to choose different representations {Tj} for different values of r). Notice 
that ( |3.15 ) depends on the vielbein only via the 1-forms e"" = dx'^Cm"' due to 



(3.15) 



(3.16) 



d xe 



24 ^abcd 6 6 C 6 



i.e. the integrand of A"^ can be written completely in terms of the forms A^ = dx'^A^'', dA^, and 
the fields C*, and A^. In flat space where one can choose em'^ = 5^ and identify e'^ with a 

constant differential dx", (|3.15|) agrees completely with the form of globally supersymmetric nonabelian 



chiral anomalies derived in |]17[, i.e. the expressions derived in |17| are in fact not only globally but 
also locally supersymmetric after replacing with e'^, without adding any gravitino dependent terms 
to these expressions. In fact the independence on the gravitino does not only hold for AJ^^^^^g^ but 
for the complete solution ( |3.21| ) of the descent equations ( |1.4| ) arising from it as is shown explicitly in 
appendix p. 

Notice that the contribution / Tr{Cd{AdA + ^A^)} to ( |3.15| ) is the well-known form of a nonabelian 
chiral anomaly in the nonsupersymmetric case (see e.g. [jl8|) and the remaining terms in (3.15) represent 
its supersymmetric completion. 

I remark that the abelian chiral anomalies arising from contributions g^iX^X'' to Qj in ( p.ll| ) (with g^i 
purely imaginary) can be written in a similar form as ( 3.15] ). Namely by adding a suitable counterterm 
sT^ to ( p. 11 ) they become linear combinations of solutions A^^^^ of (1.1) given by 



^abel 



C^Tr{F'^) + 2A^Tr{FL) -id^xe [^A^Tr(AU^) + ^A-'rr(AA) 
+2A4rr(At"^A) + 2A-'' "Tr (A^eA^)] } , F = dA + A^ 



(3.17) 



where , A^ and A-^ denote the ghost, connection 1-form and gaugino of an abelian factor of the gauge 
group. 

The solutions lv^ and tD^ of the descent equations ( |1.4| ) arising from ( p.4| ) and (3.11) can be written 
in the following remarkably simple form 



~4 
^old 



(3.18) 



where H denotes the product of all and T>a is an extension of suitably defined on the variables 



(3.19) 
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Using the explicit expressions ( |3.2D one obtains in particular 

Vdp^ = ^ie^Jp, 'Dda = -kLaM, = -ii^^\^''. (3.20) 
The solution of ( |1.4| ) arising from ( |3.15[ ) reads 

^uLabei = Tr[cP^-\&T+l,&-?,~ (r A„ At At + At " AA) } (3.21) 

with Aq and Aj^ as in ( p. 16 ) and 

C = C%, f = -\{-)\^\i^i''FBA'Ti. (3.22) 
The solution of ( |1.4| ) arising from an abelian chiral anomaly ( |3.17 ) has a similar form: 
^'akcMr = &Tr[P) - {l" A^„rr(AtAt) + e^A"^rr(AA) 

+2AiTr(At"e"A„) + 2A^ "rr(A„eaAt")} . (3.23) 

3.2 New minimal supergravity 

New minimal supergravity differs from old minimal supergravity with regard to its field content. Namely 
M, )\a 1 -D*-^^ and are not elementary fields any more. Instead new minimal supergravity contains 
a new set of elementary fields consisting of the components tmn = —^nm of a 2-form gauge potential, 
corresponding ghosts Qm and a ghost Q for these ghost^ which have the following reality properties, 
ghost numbers and gradings: 

Qm = {Qm)*, 9h{Qm) = l, \Qm\ = I, (3.24) 

Q = -Q\ gh{Q) = 2, \Q\ = 0. 

This field content arises from setting to zero the field M and the superfield arising from it in old 
minimal supergravity with gauged R-transformations (but without Weyl transformations). This leads 
to the identifications 

M = 0, aM = _,5^, Z)M = -ii?+|5"S„ (3.25) 
B- ^ em'' e™"'' {\dntki + i^nOki^i) (3.26) 

where e™"'=' = Ea^Eb^Ej'Ed^e''^'"^ ~ 1/e and am = em^^a- (HI) and { ^2^ are required by M = 
DaM = 'D'^'DaM = 0, cf. table 1 and ( |3.9[ ). In particular ( p. 26 ) which has been given already in the 
second ref. [^j 'solves' T>aB"' = Q 'D^'VaM — c.c. = identically in terms of elementary fields which 
is a rather involved condition since it reads more explicitly 

= VaB'' = Ea'^idm " ^UJm''{e, ^)kc " ^m'^V^ + ^J'V^)B^ (3.27) 

where T'^B"' and 'D^B'^ are obtained from table 1 using the second identity ( ^.251) : 

'^'^-^1313 ~ ^al3^l3 ~ ^aPP '^aB"' = - \ s"'^'^'^ aaTc(t . (3.28) 

The nilpotent BRS transformations of tmm Qm and Q read 

S tmn — C dk^mn ~\~ ipmC ) ifcn ~l~ {dnC ) tmk dmQn ~\~ dnQm 

-^(Co-mV'n - Co-nV"™ + V'm'^nC " V'n'7mO, (3.29) 
sQm = C''dnQm + {dmC'')Qn + dmQ + 2i^a^^tnm-i^CJmL (3.30) 

sQ = C"'dmQ-2i^a'^^Qm (3.31) 

■'in order to fix a gauge for tmn and Qm one introduces additional fields whose r ole is analogous to that of the fields ( 
and b. As the latter these additional fields contribute only trivially to solutions of (1.1). 
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where (T™ = Ea"^(J°'. ( |3.26|) and ( 3.29D -( p3.3lD can be written in a more compact notation which is 
analogous to and (M9|) and reads (with and C"" as in (HI)): 



n = sQ, n 



Q 



^C"^C^ tmn + C^Qn + Q- 



(3.32) 



The BRS transformations of the remaining fields can be obtained from their counterparts in old minimal 
supergravity using ( 3.25| ) and ( 3.26| ). Therefore one obtains solutions of ( |1.1| ) for new minimal super- 
gravity simply by making the identifications ( 3.25| ), ( |3.26 ) in the solutions W^;^, W^^g^ and V^nonabei 
obtained for old minimal supergravity. However the presence of the fields tmn, Qm and Q is responsible 
for the fact that this does not give all solutions of ( |1.1[ ) with g = 0,1 for new minimal supergravity. 
Namely there are a few additional solutions which cannot be obtained in this way. I denote these 
additional solutions by Wpi in order to point out that Wpj are locally supersymmetric versions of 
Fayet-Iliopoulos contributions to the action and Wpj are anomaly candidates of a similar form. They 
are given by 



FI 



(3.33) 



i 

-AJi^a'^'X^ + X^a"'0 " ie'^^'^'AjAnH^^ki^i + i^kcri^)} , a,, = -aji (3.34) 



where Yli and j run only over abelian factors as in ( 3.11| ) and the constants aj, ajj must be chosen real 
in order to get real solutions of (|l.l|). Notice that the supersymmetrized Einstein-Hilbert action W'^jj 
is contained i n (p. 331 ) since D^"^^ which contributes to ( 3.33 ) has to be identified with —jR+ ^B'^Ba 
according to ( 3.25| ). The form of yV^H obtained from ( 3.35 ) agrees with that given in the second ref. 



and in |15|. Thus we obtain the result that in the case of new minimal supergravity the action 
contains a Fayet-Iliopoulos contribution for each abelian factor apart from the one corresponding to 
the R-transformations which becomes a contribution J d'^xe{—^R + ^B"'Ba) to y\^%u- 

I stress again that apart from yV%u the solutions do not have counterparts in old minimal 
supergravity. This holds in particular for the anomaly candidates ( p.34| ). Notice that they are present 
only if the structure group contains at least two abelian factors, i.e. at least one abelian factor in 
addition to the R-transformation, since the aij are antisymmetric. 

The solutions of ( |1.4| ) arising from ( p. 33 ) and ( 3.34| ) are 



i 



with H. as in ( |3.32| ) and 



' 6 if}^^^ ^PQ-^ ' 



(3.35) 
(3.36) 

(3.37) 



3.3 Nonminimal supergravity 



The nonminimal supergravity theories discussed in the following are as in parametrized by the real 
number n occurring in the torsions 



2n5;jT„, T^p-f = [n + l){5lTp + 5}T^), T^^^ = (n - 1) 5f 



and are in addition characterized by the constraints 



n/n/ — ^L(J f 



T} c 
ah 



af3 



Fap"^ = 0. 



(3.38) 
(3.39) 
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A detailed discussion of ( p.38| ) and ( |3.39| ) and their implications can be found in I consider the 
case in which Q contains neither Weyl nor R-transformations. Apart from the special cases n = and 



n 



i which are excluded for simplicity the set of elementary tensor fields is given by 



Taj 5 



-^ai A^, D*, 



(3.40) 



and the complex conjugated fields where J', v"" and denote a complex scalar field, a complex and 
a real vector field which in Q are denoted by S, + id"' and 6°. (denoted as in Q) must not 
be confused with one of the gauginos AJ^ of Qg + Ga which appear as in minimal supergravity in the 
curvatures Faa = i^^^f^aaa- The field content is completed by the gauge fields, ghosts, antighosts and 
the corresponding Lagrange multiplier fields where again due to Tab"^ = the spin connection is not an 
elementary field but determined by ( |2.8| ). The supersymmetry transformations of the fields ( p. 40 ) can 
be found in or obtained from table 1 (by replacing there all fields and operators by their primed 
counterparts, see below). In particular one has 

VaTf^ = leaf^[J+{n + l)T^T^], V^Ta = v^a, VaJ = 0, V^J = \a- (3.41) 

The BRS transformations of the fields ( |3.4C| ) are obtained from ( |2.9[ ), those of the ghosts and gauge 
fields by ( p.lOD -( ^.15 ). However it will be useful to rewrite the BRS algebra in terms of redefined 
ghosts, gauge fields and supersymmetry transformations marked by primes and defined in terms of the 
original (unprimed) ghosts, gauge fields and supersymmetry transformations such that P^, T>'^ and 
satisfy the algebra 

[D'a.T^'b} = -T'ab''^'c-FW5i 
where the T'j^^^ and F^^^ satisfy the constraints of minimal supergravity with R-transformations (in 
fact such redefinitions have been used also in ||8|). This is achieved by 



V'^=Va + 4n + i (3n + 1) T^d^,.) , %=Va+An fh^^ - i (3n + 1) Tc,5(^) 



(3.42) 



where lap and 1^^ = {lap)* denote the generators of SL{2, C) transformations of undotted and dotted 
indices defined by 



^o/3 — aplabi lajS^^ 



1 ;^ab 7 

ap'-ab, 



and which originally was not contained in Q is defined according table 2 where the R-charge of the 
lowest component field 4>^ of the sth chiral multiplet is denoted by the real number k" [k" is not fixed 
by requiring ( |2.2D unlike the R-charges of the remaining fields) . 

Table 2: 



^ap-^i 



lapX-y — 0, 
^■y(a^P) ' ^ap^-y ~ ^ 



(3.43) 





T 


J 


V 


B 


A 














-iT 


-2iJ 








iX 


iX^ 





-ik'(p' 


-2ik'x' 


-Sik'F" 



The redefined covariant derivatives read 



1 / abj 

2 m ''ah 



A' 



where the sum over i contains the R-transformation and the redefined gauge fields are given by 



e' " 

A' * 
/ ab 



p 

Am' Vi/(r), 
{3n + {v + v) 

Tpan Tpbr i I i i ' \ 



I a 
m 



[n 



1pm ifK^m Tai 
l)Tarnf + ITpmT - ilpm.T}, 



(3.44) 

(3.45) 
(3.46) 
(3.47) 
(3.48) 

(3.49) 
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with Vm = e.m°'Va- One can check that T'j^^ and F'j^^^ indeed are given by (^]^) where of course now 
unprimed fields have to be replaced by primed fields. In particular one finds 



M' 
A „ 

A' 



-4n {J + 2(3n + \)ff \ , 

-i S'^ + 3m \-\K + (3n + l)vaaf^ + ^JT^ + (3n + ifT^ff 



(3.50) 
(3.51) 
(3.52) 



where 5^ is obtained from ( ^77| ) using primed gauge fields and torsions: 

S'^ = T'J{e,i;',J,A'^'\M',B')a''\^. 
Now we choose redefined ghosts such that 



(3.53) 



holds identically in the fields where C'^Si contains (5(r) unlike C^Sj, i.e. in particular all terms containing 
(5(r) must cancel on the r.h.s. of (3.53). One easily verifies that this leads to 



^1 m 
^1 ab 



(3.54) 
(3.55) 

C = + 4n(ecj"^r - ^a'^^'f) . (3.56) 

Notice that C does not have a part which is linear in the elementary fields as a consequence of the 
fact that G does not contain 5(^r)- I remark that analogously to (3.53) 

dm = Am^T^A + Am^5l = A'm'^'D'^ + A'm^5l, 



I^Va + &5i = I' ^V'a + C' ^6i, 



/ a 



e'en", e'- = C'- + C>;^ C'^ = C7'^+CM; 



"~in aI I 



(3.57) 
(3.58) 
(3.59) 



hold identically in the fields (all contributions containing 6{j.^ cancel on the r.h.s. of ( p.57|) and ( |3.58| )) 
with C*"" = C" + dx". = implies that ( |2.1C| )- (|2.15| ) hold for the primed ghosts and gauge fields 
(with primed torsions and curvatures), including C'^^^'^ and A'^^^^^ as one can verify explicitly: 

= C7"a,^'^« + {dmC^)A'J'^ + + z(A'Ma™e - C^mA'W), (3.50) 

^^/(r) ^ C'^dnC'^'''^ -2i^a"'^A'J'-\ (3.61) 

Thus on primed fields the BRS operator has the same form as in minimal supergravity and therefore 
one obtains solutions of sW^ = for nonminimal supergravity from those obtained for old minimal 
supergravity by replacing in the expressions for the latter all operators and fields with primed ones. 
For instance one obtains from ( |3.5| ) invariant contributions to the action for nonminimal supergravity 
given by 



d^xeV' Q! + c.c, 
where V' is obtained from (pi 



n' = H{W', X', M', (t>) + {V^ - M')G{^' 



p = V{V', -0', M') = _ /^i-tp'^a^V - 3M' + 16V'lo-''Vi' 



(3.62) 
(3.63) 



V'^ - Aii/jaa^'V + le-fAaO-^Vfe + (13n - 3)TV + 2(3n - 1)(J + 8nTT - Aiil^aO^'T). 



I stress that H and G have to satisfy p.g| ) where of course the condition imposed by (5(^) is absent 
unlike the condition imposed by (5(r) which must hold (otherwise ( |3.62| ) is not invariant except for the 
case n 



|). Contributions to H are therefore e.g. 



aM' + b W'^^.W"'"^ + gifX"~X'^ + V{^) + 



(3.64) 
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where a and b are constants, gij are invariant symmetric tensors of G and the superpotential T^(</>) has 
to satisfy 



Notice that this requires that a monomial <^*i . . . (p^"" contributing to V satisfies 

Sr 

J2k' = -2 (3.66) 

S=S1 

which cannot be fulfilled if one imposes e.g. the chirality condition 'Da4>'^ = on each of the chiral 
multiplets. Thus one has to admit non zero A;* in order to allow for solutions of ( p. 66 ). This corresponds 
to a relaxed chirality condition imposed on the chiral multiplets: 



^ Vacp' = (3n + 1) Ta 



(3.67) 



Replacing unprimed fields and operators by primed ones in (|3.11| ), (|3.15| ) and ( 3.17| ) one obtains so- 
lutions of sW^ = for nonminimal supergravity. Of course it is not guaranteed that these solutions 
are nontrivial since nonminimal supergravity has an extended field content and thus allows for coun- 
terterms which do not exist in minimal supergravity. The nonabelian chiral anomalies stay nontrivial. 
Notice that they keep their explicit form ( |3.15| ) because all fields contributing to ( |3.15 ) agree with their 
primed counterparts. Among the solutions of sW^ = obtained from (|3.11 ) there are in particular 
those arising from J d'^xe {C^^^V + ^'^Va'^)Q.{j-y They are special since they do not depend on the 
ghosts of the structure group due to ( |3.55| ) . Most of these solutions turn out to be trivial but there are 
also nontrivial ones among them. For instance the following (complex) solutions can be shown to be 
nontrivial: 

WLj, = j d^xe {(3n + l)(Cr + if)V' + ievV}{gjk\'\'' + (3.68) 
with V as in ( p. 65 ), V' as in ( 3.63| ) and 



The solution of (1.4) arising from (3.68) is obtained from ( p. 18 ) and reads 



,~,5 

^susy 



(3.69) 



(3.70) 



4 Verification of sa)^+^ = 



In order to verify that (|1|), (|3?2lD , (|^), (|335| ), ( ^lej ) and (ITTOI ) indeed solve (|]|) it is more con- 
venient to use a decomposition of o)^"*'^ into parts a)p of definite degree in the than the decomposition 
(P): 



UJ 



9+4 



E' 

p=po 



(4.1) 



As an example the decomposition of ( |3.21| ) is given in appendix^. The decomposition (4.1) starts at 
a degree po which in general is different from zero (unlike the decomposition (|l]^) which always starts 
at degree 0) and the part cDp^ solves 

(4.2) 
(4.3) 



d-i2}pg = 



where 5_ is the operator 



4zrr 



d 
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(4.2) follows from the fact that 5- is the only part of s which decreases the degree in the (notice 
that this is due to the constraints T^^" = and Ta^" = 2ia°'aa)- The knowledge of the cohomology 
of 5- will be very useful in the following. It has been computed in the first ref. Q (this derivation is 
given in appendix |A|) and recently in [^]. The result is 

Cohomology of 6^ : 

5„/(|^) = ^ /(l^) = P(T9",r) + g(^9",r) + + 5_<7(|^) (4.4) 
where k does not depend on the and t?", i?" and B are given by 

r = i^r", ^" = r"ea, Q = Le''L- (4.5) 

Notice that the ??'s anticommute. Therefore the (5_ -cohomology does not contain nontrivial elements 
with larger degree than 2 in the This implies the following two useful lemmas: 

Lemma 1: Each s-invariant 4-form in the vanishes: 

sa;4 = <J4> (2;4 = 0. (4.6) 



Proof: 50)4 = implies 5 -Co 4^ = 0, cf. ( [4.21 ). This implies 61)4 = (5_r/ for some fj according to (^ 
However this requires that 57 has degree 5 in the and thus vanishes. 

Lemma 2: Each solution of ([1.4| ) whose decomposition (4J) reads ti; = 0)3 + 0)4 can be written as 
5774 where 574 is a 4-form in the 574 is unique and the solution of 6-1)4^ = 0)3. 

s (^3 + 0)4) = ^m- 5574 = ^^3 + 0)4, 5-fi4 = id3. (4.7) 

Proof: (i) Existence of 574: 5(0)3 +'^4) = implies S^uj^ = according to (^^). By means of ( [4. 4] ) 
one concludes the existence of 574 such that 5 -7)4 = uj^. sfj^ = 0)3 + 0)4 follows from the fact that 
0)' := 0)3 + 0)4 — s?74 is a s- invariant 4-form in the ^" and thus vanishes according to lemma 1. (ii) 
Uniqueness of 574: Assume that 574 and 774 are two 4-forms in the whose s transformations equal 
0)3 + 0)4. Then the difference T/4 — f/4 is a s-invariant 4-form and thus vanishes according to lemma 1. 

I use these lemmas in the following in order to prove that oj^bei^ ^nonabei ^Fi solve ( [1.41) . The 
s-invariance of o)^;^, o)^J,g; ^/^j^ and Upj can be proved completely analogously, the s-invariance of ( 3.70 ) 
is a special case of §0)^^^; = after replacing unprimed quantities by their primed counterparts. 



4.1 Proof of §ulf^^i = 



I first note that the decomposition ( [4.1D of tD^feei I'eads 



+ tD3 + W4, W2 = -4.i^'i^a^'^& Qj (4.8) 

i 

where 0)2 has been evaluated by means of ( |C.7| ). Furthermore one easily verifies by means of (3.20) 
that cD^feg; does not depend on 

Using (|13)-(|1D one can check that 

on $^ 1^ and abelian C': s = ^^Va + 6il^ = giB^i^ (4.10) 

with Va given by ( p. 20] ) and Va and Va defined by 



Va^'- = P,<^>^ Vai'' = 0, Vai^ = l^T^b^ + f^T,^^, VaC' = F^b' + t Faa\ 
V^q>r = Va^% Vat = 0, Vj- = 0, VaC' = 0. 



(4.11) 
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An important property of the operators Pq, is that they can be used to construct a 'chiral projector' 
(T>aT>" — M) for functions which do not carry dotted spinor indices and do not depend on 

i^pf{e,e,c\^i = ^ ^ T>^{T>^T>^-M)f{c,e,c\^n = o (4.12) 

where = {lap)* generates the 5L(2,C) transformations of dotted spinor indices, cf. (|3.43| ). (|4.12D 

follows from the fact that the T>a satisfy on the variables <!>'", and C* the same algebra as 

on the namely = —Ml^^ as one easily checks by means of ( |3.20D . Using Sjuj^f^^i = one 

concludes by means of ( |4.1C| ) and ( [4.12| ) that suj^^^^ is given by 

X := ~sul,,i = {eVa + tVa) (l^lbei- (4.13) 

Now I prove that each term occurring in the decomposition ( |4.1| ) of X vanishes. ( |4.8| ), ( [4.11| ) and ( |4.13D 
imply that this decomposition reads X = X2 + X^ + X4. First one verifies 

±2 = t'i^aQj2 = 4i ^a^^Y^C^ i^VaVLj = (4.14) 

i 

which holds due to Va^j = and implies X = X3 + X4. Since X is s-invariant by construction one 
concludes by means of lemma 2 that there is a 4-form 174 such that (5_f)4 = X3. On the other hand one 
easily verifies that X does not depend on ^" since this holds already for oj^i^^i, cf. (|4.9j) , and since none 
of the Vji transformations ( [4.11 ) depends on This however contradicts 5-i]4 = X3 unless X3 = 
since 5_774 of course depends both on and unless it vanishes. One concludes X = X4 = by 
means of lemma 1 which proves soj^^^i = 0. 

4.2 Proof oi Su^^;^^^f,^i = 

In order to prove that ( p^ ) solves {0) I show that 

sq = Tr{T^), q = Tr{CT^ -^C^^+^C^), (4.15) 
sp = Tr{T^), p = 3Hrr(|"AaAtAt + |^At°AA) (4.16) 

which implies S <^j^onabel 

= due to i^nlnabei = Q ~ P- (EiH) is easily verified by means of 

sC = -C^ + :F, ~sT = TC-CT (4.17) 

which follows immediately from ( |2.19| ) and = 0. ( [4.16 ) is verified using 

r = 1 t^'Fab% - - ^?dAt- (4.18) 

which is obtained by inserting the explicit expressions for Fab^ given in (U) into (|]22|). Using 
^a^/3^7='^Q:^/3^7=0 ouc casily verifies that the decomposition ( [4.1[ ) of Tr{T^) reads 

Tr{r^) = Qj-i+Cji, CJ3 = |{??°i9a??arr(At'^AA) + ??^T9"??°rr(A«AtAt)}. (4.19) 

(Notice that T does not contain a part of degree in the due to the contraints F^p^ = 0). Due to 
sTr{T^) = one concludes by means of lemma 2 that in order to prove ( [1.16 ) one only has to verify 
6-p = C02, which holds due to (|C.5| ) . 
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4.3 Proof of ScD^j = 

In order to calculate sOpj one uses 

s {&n) = Pn = iPQ + (4-form in t) 
which holds for abelian due to (|2.19| ) and (3.32). Using in addition ( p.4| ) one easily checks that the 



decomposition (O) of sujpj is given by 



Y := sCo^pj = Y^a, {Yi + Yi) + Y^, 

i 

Yi + Yi = 2iPe - 2^0 - 2^X^e + i^Vj^pf]^ - ri^i^{V^\p - \ ^"io.a^'^D^. 

By means of the explicit form for P given above and the transformations of A-' given in table 1 one 
verifies Y^ + ^3' — ^ which implies y = I4. By means of lemma 1 one finally concludes Y = sujpj = 0. 

5 Conclusion 

The result of the investigation of (^]^) for g = contains the statement that in the case of old minimal 
supergravity the action contains at the most one Fayet-Iliopoulos contribution, namely the one which 
corresponds to the R-transformations, while in the case of new minimal supergravity the action contains 
a Fayet-Iliopoulos contribution for each abelian factor of the gauge group apart from the one which 
corresponds to the R-transformations. 



Among the solutions of (1.1) with g = 1 there are in the case of new minimal supergravity up-to-now 



unknown anomaly candidates ( 3.34| ) which do not have counterparts in old minimal supergravity and 



are present if the gauge group contains at least two abelian factors. Furthermore the result contains 
the statement that local supersymmetry itself is not anomalous in the cases of old and new minimal 
supergravity since there are no solutions of ( |1.1[ ) for g = 1 in these cases which depend only on the 
supersymmetry ghosts and the "classical fields" but not on the ghosts of the structure group. I 



remark that this result follows from the QDS structure [12|, of the theories discussed in subsections 



3.1| and |3.2| and may become invalid for instance if one drops the assumption that all matter multiplets 
are chiral multiplets and allows for matter multiplets which do not have QDS structure. 

Of course not only the matter multiplets must have QDS structure in order to guarantee that super- 
symmetry itself is not anomalous but this must hold also for the supersymmetry multiplets containing 
the torsions Tab^ and the curvatures Fab^ ■ Examples for supergravity theories where these multi- 
plets do not have QDS-structure are the nonminimal theories discussed in subsection They indeed 
allow for solutions of (^]^) which do not depend on the and which therefore provide candidates for 



anomalies of local supersymmetry. Some of these solutions have been given explicitly in ( ^.68 ). They 



seem to have close relationships to candidates for anomalies of R-transformations present in minimal 



supergravity as their construction given in subsection 3.3 suggests 



A Cohomology of (5 



In order to prove ( [4. 41) we first determine those (5_-invariant functions which do not depend on 
(notice that they are nontrivial since each nonvanishing function of the form 5-Y depends both on 
and ^°^). The result is: 

5-/(r",r) = o ^ f = Q{'d-,c). (A.i) 
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In order to prove ( [A.lj ) we choose a basis for the functions consisting of the following mutually 



i = l, 


...,10, 


n = 0,l,...: 


fl,n = 


{r^ . . 




/2,n = 




. r-e^)^}, /3,n = {r^ . . . r-e^P}, 


/4,n = 




r-r^p}, /5,n = . . . r-c^^.r^"}, 


f(},n — 




. ^^.^7^"}, /r.n = {r^ . . . e-^iC'^ipL^}, 


/s.n = 




■ ^"^^^77^^"}' /9,n = {r^ • • • r"I^Pe77e^"} 


/lO,n = 




•r"PPI/37e;^} 



where each denotes a complete irreducible SL{2,C) multiplet, e.g. /i^i = {^^,^^}- Since (5_ 
commutes with the 5*^(2, C) generators and changes the degree in the resp. by 1 resp. — 1, 
one can investigate without loss of generality each subspace fi^n separately in order to determine the 
(^--invariant functions f S,"") ■ One easily verifies that only the functions contained in fi^m f3,n 
and are (^--invariant and that they are those which are of the form This proves (A.l). 

Analogously one can show that the ^--invariant functions which do not depend on ^" are of the form 

p(^",e). 

Now we investigate those functions f{^^) which vanish for = and for = 0: 

/ = E ^irstiin ii'rii'n^'niy, a^ost = a,roo = o. (a.2) 

q,r,s,t 

Without loss of generality one can assume that /(^'^) has definite ghost number and thus can be written 
as a polynomial in with coefficients which depend on and 

/(l^) = E(e')"/n(IM"",r). (A.3) 

n=0 



5- is decomposed into 



= implies in particular 



r^,, ^, = 4ir-|-. (A.4) 



Dlh = 0. (A.5) 



In order to solve (A.5) we define an operator r whose anticommutator with Di is the counting operator 
M for the variables .^"^ and d = 1, 2: 

r = -i|"i^ ^ {r,Di}=e^^+e-Z-=:M. (A.6) 

Due to ( [A.2| ) / does not contain a zero mode of J\f. Therefore one concludes by means of standard 
arguments (for instance by means of the Basic lemma [^) that is a trivial solution of ( [A .51 ) (notice 
that {Dif = 0): 

/7r = ^i5n(f,r",r)- (A.7) 

This imphes due to = 6- - i'^D2: 



n/0: f = 6.g + f, /' = E(^~'r/n(l'> P- H (A.^ 

ri=0 
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where 

g={i'f-'gn, = /n-i - f ^25rr, n<n-l: f^ = U 

Notice that /' is a polynomial which has lower degree in than / and differs from / only by a trivial 
contribution. Therefore one can iterate the argument leading to ( |A.8D and conclude that a (^--invariant 
polynomial of is trivial up to a part F which does not depend on at all. F is written as a 
polynomial in with coefficients -Ft-(^"",C°) (-^o vanishes due to (|A.2| )): 

f = 5.h + F, F = Y,{i'yFr{e^,e). (A.9) 

r>l 

5^f = requires 

= Vr (A. 10) 

since (^.-invariant functions of different degree in the have to be separately invariant (thus in fact 
one can assume without loss of generality that the sum J2r ™ ( A. 91) contains only one nonvanishing 
contribution). By means of (AJ) one concludes from ( A.lCj ) 



F,(r",r) = Q.(r,r). (A.ii) 

Thus -F is a linear combination of ^--invariant monomials {^'^Y {^^Y {^'^Y {"d^Y {^'^)^ where v,w G {0, 1} 
since the t?" anticommute. By means of the identities 

I'r = -i s-c^ f = c'r'la = -t s- (i^^r^), (A.12) 

(|2)2^1 = (|2)2|.il|. ^ 5_(|2|2.|al _ 1 |l|2.|a2) (^.13) 

one concludes that these monomials are (5_ -trivial except for those which satisfy s = t = w = and 
r < 2. In fact F contains only one monomial with these properties since ( |A.2| ) excludes the values 
r = and = in the case s = t = w = and one concludes 

F = Y.ii'^YQr{^",C) = S-Y - 2ki'^^\ (A.14) 

■r>l 

The proof of (^^) is completed by means of the identity 

= - i'^^) + ^iiH' + = - 1 e - 1 6.(^6.^'). (A.15) 

B Decomposition of ul'^^abd 

It is has been mentioned already that ( |3.21| ) does not depend on the gravitino. This remarkable fact 
holds since the gravitino depending contributions to and Fab^ cancel in J^. Namely evaluating 

J- explicitly by means of ( ^ ) and (1^) one obtains 



with C" as in (2.21). Using (B.l) and C = C + A one easily determines the decomposition ( [4.1D of 
dH): 

4 



UJ. 



5,T 

nonabel 



p=0 



Tr{Cd{AdA + ii^) + (Li + AL)dA + fii^ - 3 H (^A AU^ + ^A^^ AA)}, 
= rr{-i (C^i + CiC7 + iC72) _ i ^2^3 ^ (^(^ ^ C7L)di 
+i (Ci2 - Ac A + i2C7)L + iL^}, 

i Trj-C^di + iciC^ - (C^i + CiC + ic2)L + 201"^}, 



ijji 

cji = \ Tr{C^A-C'^L), 
d;o = ^,TriC'] 
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C Useful identities 



" = - ^ ^abcd Ci'^i'^i''' = -is i'^°'iaai°''^ii3p (CI) 

r = f^r", ^" = r"fa, e = iae"ia (C.2) 

^" = -i^%dr", /?" = ir"4;j^^ (c.s) 

(5-(S|<^) = <^-(Sr) = ^ (C.5) 

V^'E = -2if\a = -i ^abcd e<j\ai''ei'' = - i Sabcd e<^\ai'ei'' - 2^ S Va^^r^a (C.6) 

VaV'^E = -4i ^c,d^ - 2ME (C.7) 

= 8^^|^^(7„6^ + IGiti'^e^aabA + S (leV-afT^Vb - 2M) (C.S) 
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